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GENERALIZED RELAXATION EQUATIONS FOR VIBRATIONAL AND ROTATIONAL
MOLECULAR KINETICS IN GAS FLOWS

G. I. Sukhinin UDC 533.011.8

A system of kinetic equations for the distribution functions of gas particles over quan-
tum states (over vibrational and rotational molecular levels) is usually used to describe
nonequilibrium relaxation processes in molecular gases [1]. Here we consider impurity relax-
ation of a molecular gas in a monatomic gas flow, when molecular collisions can be neglected
and the distributions of gasdynamic parameters are known.

The kinetic equations are in this case

dN
ngz (K‘lJN — K ;iNi), (1)

where Njy is the population of the i-th molecular quantum level with energy Ej, satisfying

the normalization condition }E]Vi=él ;3 K;j3(T) are rate constants of molecular transi-

tions from state j into state i durlng collisions with atoms of the gas flow, having tempera-
ture T and density n, and satisfying the detailed balanc;e rule K; JNJ =K JN N are molecular equil-
ibrium Boltzman distributions over quantum states, Nj = gjexp(—E;kT)/S; g1 is the statistical
weight of the state; and S is the partition function for the system of levels under consider-

ation, § = 2 gi exp (— E;/ET).

For known dependences of Kj ij on quantum numbers and temperature, as well as for known
distributions of the gasdynamic parameters of the monatomic gas, Egs. (1) can be solved numer-
ically. However, the numerical solutions of the kinetic equations are not always convenient,
as a large amount of calculations is required, particularly if it is necessary to take into
account the large number of quantum levels.

Besides,  the shape of the constants Ki-(T) is usually unknown, and the absence of reli-
able constants leads to the necessity of using semiempirical dependences with adjustable
parameters in solving the kinetic equations, selected by comparison with experiment. This
also increases the bulk of calculations, and the problem of choosing an adequate set of rate
constants, describing experimental data, remains nonsimple. The matter is that rate con-
stants with different dependences on quantum numbers and temperature can lead to nearly equal
distributions in the populations of molecular quantum levels.

Here we propose to represent the populations Nji in the form of an expansion in ortho-
gonal functions. As a result, the system of kinetic equations (1) transforms to an equivalent
system of moment equations, characterized by some set of time relaxations @ﬁé, which in some
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cases are simpler to determine experimentally than the rate constants K;4(T). The method
suggested makes it possible to explain a wide class of exactly solvable ﬂinetic problems, to
obtain the necessary relaxation condition of an arbitrary molecular system in terms of a
sequence of Boltzmann states, and to explain the validity condition of the diffusion approxi-
mation. Besides, for cases of not too large a deviation from equilibrium the population ex-
pansion can be confined to its first terms, which substantially shortens and simplifies the
description of nonequilibrium molecular systems.

Population Expansion in Orthogonal Polynomials. A system of orthogonal functions will
be sought, starting from the shape of the molecular energy spectrum E; and the corresponding
spectrum of equilibrium populations N%*;. Among the whole molecular system we isolate inde-
pendent modifications, i.e., molecular groups with energy levels, between which transitions
are possible during collisions with gas atoms, i.e., molecules for which K;; # 0. For homo-
nuclear molecules, for example, transitions are almost totally forbidden between ortho- and
para-modifications, i.e., transitions from even to odd rotational states, and vice versa.

A number of almost exact selection rules also exists for symmetric and asymmetric tops {2,
3], leading to substantially independent modifications in vibrational or rotational transi-
tions. ‘

We represent the molecular populations for the modification considered in the form of
the expansion

R HE RO A (2)

where €5 = Ei/@; B =O/T; ® is a characteristic temperature proportional to the rotational or
vibrational molecular constant, and ¥y(e;)=¥ (i) is a set of functions satisfying the ortho-
gonality condition

Ty = ZN; Wi (i) Vs (1) = O (3)
Here the summation is carried out over all energy levels of the modification considered, and
the brackets <> denote averaging of the functions ¢(g;) over the equilibrium molecular distri-

bution over quantum levels: (w)==:SZV:m(sﬁ. The averaging over nonequilibrium distribution
1

functions is denoted by a bar: = 2N:ip (&)

"
We select the functions ¥g(ei) in the form of polynomials of order k: ¥p(e;) =3 Pky
i=o

(B)(e4B)k, k =0, 1, 2,..., where the coefficients Pkg may be temperature dependent. The
polynomials ¥x(ej), for an arbitrary spectrum €;, are nonclassical orthogonal polynomials, in-
troduced in [4], but their properties have not been investigated.

As shown in [5], the expansion coefficinets Pke can be found by solving the system of
m
equations pum X PmnZnih = Omn, E<<m, pgo=1. Here Z, are determined in terms of the partition
n=0

function S:
T AN
Zo =" (D) = ﬁ"gzv:s’; =(— 1)"%%65. (4)
The polynomials ¥x(ej) and the coefficients py, satisfy the recurrence relations

kh—1 n k—1 —1
Vr{es) = pur [(Eiﬁ)k — n§0 Wa(es) & Pnlzh+l] = [8'{ — n§0 Ca Y. (si)} l/(e”‘) — kg G (5)
k=1 / m 21-1/2 - ‘
Pun = (— 1)* [zzk_ 2_0 ( §0 pngh+n) J , (6)

h—1 m
Pri=—Drr 2 Pmi 2 PmnZonsn (P<<E),
m=] n=0
3 1
Pri=—DPu 2 DPim 2 Dindnim (L<<E).
m=I+i n==(

. Pri1n+r p Py p— Pp—yp—~
Fisa(e) = 2081l o ey (Zetn_ Puact) | Prosicrg, o)
LT Prya,nt1 Prp Ppp
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Using the orthogonality conditions, we obtain (see [5]) the relation used below to derive
the generalized relaxation equations:

/ %\-— * < dwm (ei) 1 dpmm m Pp—1,m—1
\q’h dﬁ /——;Nz\yh(st) dﬁ = an_@-_d—ﬁ—-‘l—.ﬁ 6km+'_ﬂ;:":—6k,m—1- (7)

Multiplying the expansion (2) by ¥;,(e;) and summing over all i, with account of the
orthogonality relations (3), we find the expression

Tm =X Ni¥n(e) = 3 Prabe", (8)
2 n=g

the inverse transformation with respect to expansion (2). The seond part of equality
(8) implies that the expansion coefficinets are moments of the internal energy, calculated
from the nonequilibrium distribution function. In particular, we have

<8>—E - —'——*2
Ny = el = (Z, — Be Z., — 7% (9)
1 V<~—'_"62>—-<s>2 ( 1 ﬁ)lV 2 1
Expressions (2) and (8) can also be represented in the form

Ni/l/N:= %VN: Wy (&) M = %}Cmﬂk,
=2V N e N, [ VN = SNV,
where the unitary matrix Ciy was introduced with elements: Cjx = Cyi = /NT x ¥(eq). The
unitarity of Cj) determines one more orthogonality relation for the polynomials
V NN} 3 W (o) W (23) = B CuCid = 8y (10)

and the equality of norms in the population (for Ni//ﬁﬁj and momentum (for nyg) representa-

tions X N?/Ni = X m}, which is a completeness condition for expansion (2).
i k=0 )

Generalized Relaxation Equations. We multiply the right- and left-hand sides of the
kinetic equation (1) by the polynomial Wm(ti) and sum over all i, replacing the populations
N; by their expansions (2). Using the orthogonality condition (3) and relation (7), as well
as taking into account that the polynomials ¥, depend on time through their parametric depen-
dence on temperature, we obtain a system of moment equations

d
dNm/dt “—'-""ngz OmpWp + [(L‘I;—?n+m)nm—wnm—l]%%‘g, (11)

B=1 Py Pmm

where the elements of the symmetric matrix wpy = wgy are defined in terms of the rate con-
stants

Omp, = 2 ¥ (8) 2 KiN; (¥a () — ¥a (1)) = (12)

L3 I
= 3 B KuN; (Tm (i) — ¥ (1) (¥a () — ¥a (1)

1=07>1
and vanish if k = 0 or m = 0. Equations (11) are equivalent to (l); more accurately, they
are a system of kinetic equations written in a different basis, since the populations N; are
related to the moments ny by the linear unitary transformation (2).

Consider (11) for the first moment n,. Taking into account Eq. (9), we obtain after
elementary transformations
%‘? = —ng"’u(é‘“<3>)"“ng“)12"]2/ﬁ1711"‘ cve (13)

It is hence seen that if all matrix elements wpr for m = 1 and k > 1 vanish, then (13) repre-
sents the usual relaxation equation for the mean energy of internal degrees of freedom, while
(ngwy1)”" is the energy relaxation time:

= g0y =ng 3 B Kyl (110 — Wy () =g (& — (&)™ Z 2 Ky (& — )"

i=0 j<<i

Therefore the whole system (11) is called generalized relaxation equations or the relaxation
representation (1), while the matrix wy) is called the relaxation matrix.
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The system of obtained generalized relaxation equations is most convenient for use
under conditions of insignificant deviation from equilbrium, when the moments ny satisfy the
system of inequalities 1 » n; » n, >.... This condition makes it possible to truncate the
system (11) and restrict the solution to the first few equations, while at the same time, in
(1) it is necessary to solve a system of equations of substantially larger size. In a num-
ber of cases the relaxation matrix wp, is diagonal, making it possible to obtain directly a
solution of system (11) under arbitrary conditions (the system (1) always has a nondiagonal
structure, even for one-quantumtransitions). The diagonal elements wmm are always positive,
which follows from definition (12). The nondiagonal elements uwpy, due to the fact that in
expression (12) the polynomials ¥(e;) and ¥i(ej) "oscillate" out of phase, decay quickly
with increasing difference |k — m|. This makes it possible to use effectively methods of
perturbation theory. The generalized relaxation equations can also be used to solve the
opposite problem, i.e., to determine the relaxation matrix elements wpyy and primarily the
relaxation time T; = (ngwll)'l.

Knowledge of the relaxation matrix makes it possible to determine the transition rate

e
¥

constants Kij. Indeed, multiplying wpy in expression (12) by NdNSTm(p)Yk(q) summing over m

and k, and taking into acount the orthogonality reation (10), we find NN, ;2 O ¥ (P} ¥i(g) =
’ . ™

§KW-N;‘6,H, —KyNg » whence

Kpg=—Np 2 3 0ns¥n(p) V1 (a) P#4, (14)
D KN = N2 2 2 0mWn (p) Vi (p).
§#p k=1 m=1

The last equality also follows directly from (14). Relationship (14) makes it possible to
explain a wide range of constants, leading to the splitting of generalized relaxation equations
(11). In the simplest case, when wyy = w;;8pk, from (10) and (14) we directly obtain Kpq =
Npwy1 for p # q.

Expressions (12) and (14) make it possible to clarify the reason for difficulties en-
countered in determining K;; in relaxation processes under moderate deviation from equil-
ibrium.. Under these conditions the populations N; are well described by the first few terms
in expansion (2). The evolution of ng for small ﬂ is determined by the lowest elements of
wpk- These wpy values, found from experimental data with the use of system (11), can be
represented with a given accuracy by means of expression (12) by various sets of Kij' 1f,
however, there exist a priori theoretical considerations concerning the dependence of the
constants Kij(T) on quantum numbers and on temperature, the values of wy; obtained can serve
to refine the parameters of the selected model.

On the other hand, as seen from Eq. (14), knowledge of a restricted number of wyy does
not uniquely determine Kj;. However, 'natural" assumptions about the dependence of wyj on the
subscripts m and k and on temperature makes it possible to find a set of model constants,
correctly describing the relaxation of lower moments ng.

To illustrate the use of the generalized relaxation equations, we consider a number of
problems for specific energy spectra e; and model shapes Kij’ particularly for a harmonic
oscillator and a rigid rotor.

Harmonic Oscillator. Wé study the relaxation of a system of harmonic oscillators. Due
to its relative simplicity and importance, this problem has been investigated quite well (see
[1, 6]), and therefore can serve as a benchmark test for the method suggested in this study.
The harmonic oscillator has an equivalent energy spectrum e; = E;/huwg = i (we omit the con-
stant energy shift %w,/2) for all levels). The partition function for the harmonic oscilla-

tor equals S = (1 — e B)"! (B= he/kT, and we is the vibrational quantum of the oscilla-
tor).

Using expressions (4)-(6), after a substantial number of transformations we obtain
W, (i) = 72 3 (1— ) Ciey, (15)
v=g
where C) = k!/[(k — v)!v!]. Expression (15) coincides, accurately within normalization, with
the definition of Gottlieb polynomials 2 (i) [6]: ¥ (i) = exp(kp/2)2y(i).

The elements wpy for a harmonic oscillator are easily determined in the one-quantum

approximation, when for transitions from state i the nonvanishing rate constants are Ky, 5 =
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iKoys Ki41,4 = (i + 1)K;,e"B. Substituting them into (12) and using the definition for
. T m
the polynomials ¥;(i) for the harmonic oscillator W, (i)= 2 pm.p"i", we find
n=0

Oy = K01(1. — e B)mﬁmh == m(ou(smk.. (16)

Thus, the relaxation matrix wyy is diagonal for a harmonic oscillator, Egqs. (11) are decoupled
in this case, and the solution is easily found. The result for the case of a thermal bath

(B = const) is particularly simple. Equations (11) reduce then to dny/dt = —mnm/Tl, where

the energy relaxation time t; for a:harmonic oscillator is introduced: 1, = (ngwll) -
[ngKOI(l — e"R)]"!. It is seen that each moment Nm relaxes with a time T, = Tl/m The solu-

tion of system (11) acquires the form ny = ng exp(-mt/t;), M=IN;(t=0)¥,@), Ni(t)=

i
Zﬂn?Fk(QJV:epr—kﬁTQ, which, accurately within the notation, coincides with the results of
“ :

[6] (see also [1], p. 80).

High-Temperature Rotor Approximation. Consider the model of a rigid rotor, describing
the rotation of diatomic or linear polyatomic molecules. The energy spectrum of a rotor is
g; = Ej/k8 = i(i + 1), kO =722l (I is the moment of inertia of the rotor). The statistical
weight for the rotor is gi = 2i + 1. For all molecules we practically have © < 10 K (excep-
tions are only hydrogen-containing molecules, such as H,, D,, HD, HF, and OH, for which the char-
acteristic rotational temperatures are © = 85.6; 43; 64; 30; and 25 K, respectively). There-
fore, it is natural to confine oneself to the high-temperature limit, i.e., 72220 or B <1,
when, in calculating the sum over energy states by the modification under consideration, one
can transform to integration (the continuous approximation)

2ot~ -:?ydsf ©), (17)

where o = 1 and 2 for heteronuclear and homonuclear molecules.

In the high-temperature approximation the partition function of the rotor is propoftional
to temperature:: § ~ T/@ = p~! (the proportionality coefficient may differ from unity for homo-
nuclear molecules). It follows from (4) that <ef> = n!™™, or Z, = n!. Using (6), it is
easily shown that

l
= (— ) B 18
P =( ) 1)1112’ ‘ (18)
i.e., the polynomials Wk(ei) coincide, within the high-temperature approximation, with the
Laguerre polynomials:

B
Tated = (= ' gy o) = Lu o) (19)
Taking into account (19), the generalized relaxation equation acquires the form
dn N
d,m m (Mm — 71m~1) ﬂ —- — P 2 OmpMr, (20)

h==1

and the relaxation matrix in the continuous approximation, replacing summation by integration
according to rule (17), leads to the form

O = jdxe j 4P (@, 5) 6™ (Lo + ) — Ln(2) (L (& + ) — L (), (21)
8(x)
where besides the deactivation rate constants K i (j >1i), we have introduced the energy tran-
sition probabilities P(x, z) = P(Bej, Bej — Bey ) = gi 'Kjj for x = ey and z = Blej — g5).

The lower limit of integration over z at R « 1 equals §(x) = B(ej4q — )“'ZQ/BX and, as
a rule, 8(x) can be replaced by zero. The error due to this replacement is easily estimated
in each specific case.

Taking into account that ¥p(x) is a polynomial of order m, and only the derivatives
30y, /3x™ with n < m are nonvanishing, expression (21) is written in the form
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- N LN
mmk=@-5‘d:pe 12 Z-T P Py dze P (z, 2) (22)
0 =1n= 8() _
We calculate wpy for a number of model constants Kj;. Since at the present time the theory of

rotational transitions has no simple models, such as the harmonic oscillator model in the
theory of vibrational relaxation, we test the most widely used semi-empirical dependences for
rate constants [7].

First consider the case in which the transition probability P(x, z) depends only on the
energy difference, i.e., P(x, z) = P(9)(2). It is precisely to this shape that the most
widely used semi-empirical dependences of rate constants — power law and exponent1a1-—reduce

[71.

For P(9)(z) = Bz~ we easily obtain [5], taking account of properties of Laguerre polyno-
mials,

B 1
mmk=_é'ﬁ)_2”l' Smne (23)
: =1
Thus, the transition rate constants
Ky=20 5 (P(z,5—B(p)s) (24)
B le—e]

in the high-temperature approximation lead to a diagonal relaxation matrix wyg, and, conse-
quently, to a decoupling of the generalized relaxation equations (20). It is necessary to
emphasize, however, that this result is approximate, unlike the result for a harmonic oscil-
lator, since by means of (17) we transformed from the discrete to the continuous description.

In the more general case for power law dependence of the constants on energy difference
B 8

gy \55‘— g; lv
with vy # 1, but vy < 2, one can also carry out the integration in expressions (21), (22), for
the relaxation matrix

(j>1), P(z, 2)=DBz"" (25)

i =

h—1
ﬁl‘ (7_1)2 I==¢ p=0 (M—l——p)'(k—-l_p)

‘Dmrc =

Comparison of the constants (25) with those calculated by the strong-coupling methodk
relative to rarely calculated experimental data for a number of molecules [7], shows that the
parameter y is usually near unity. (0.75 <y < 1.4). For v z 1 we then have, accurate within
terms O(y — 1),

k
B (y—=1) t B 1 .
ot ?lm—klgllm—kwn’m#k,<omk~3-2{n — (=]

n=1

It is hence seen that for y # 1, nondiagonal elements are generated in the relaxation matrix;
these elements are small for IY — 1| « 1, so that a solution of the system of generalized
relaxation equations is possible by perturbation theory methods.

In the general case for transition probabilities depending only energy differences (P(x,

a

nl
ﬁﬂ—lﬁfn, where we introduced the

£ 3
M?’

z) = P(9)(2)), we obtained from expression (22) opmy =
i

functions Dq(°), related to the diffusion coefficients in the energy space:

n=

-

1

D = Y dze™"P® (z) 57,
0 .

oo
7 l
aﬁ:sz@¢aLmi£5= (= nitn (m~1~pﬂw—1—pﬂ
; ar* gzt (n—0H - 1)!p_0(m__n___p)! (k= 1—p)
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In particular, for exponential probabilities P(z) = Be™AZ,

o

m o nl
NN aml(1v+_ky%n+l+1) (26)

Wappy = a
{

=

)

1n=1

whence it follows that for A >» 1, i.e., when the transition probabilities decrease quickly
with increasing Aslj, the main contribution to the relaxation matrix is provided by terms
withn= g = 1.

The Diffusion Approximation. Consider the connection between the generalized relaxa-
tion equations and the kinetic and diffusion approximations [1, 8, 9]. The diffusion equa-
tion in the space of energy levels at 8 = const is represented in the form

7 (70 (e) = 2 [0 () 21].

Here D(8)==ﬁ“2§dzP(x,@exp(—-z)f is the diffusion coefficient, x = Be, and n(e) = N(g)/
: p A

N*(¢) is the population of energy state &, normalized by the equilibrium value.
We expand n(e) in a series in Laguerre polynomials Ly (ep):m (e) = 2 mxLy, (Be). For the co-
R

efflcentsrn(,we then obtaln in the diffusion approx1mat10n at B = const dnmﬂh==——ng22m%2nm
k=1

(g) -1 6L L o™z . . . .
where o= ﬁ dze P(z,z) °. By comparison with the relaxation matrix (22), it

is seen that in the diffusion case the summation over £ and n is restricted to one term with

n =2 =1. In the general case only the matrix elements w;; and wl% coincide, i.e., the

energy relaxation times coincide. All remaining matrix elements wy, and w % can differ sub-
m

stantlallg particularly for multi-quantum transitions. For example, for the probability
(24): = (B/B) min (m, k), which differs substantially from the exact matrix (23). On the

other hand, for P(ej, €4), which falls with increasing AEjqs the relaxation matrix prac-
tically coincides with the diffusion matrix (for example, for A » 1 in expression (26)).

Thus, the diffusion approximation describes the relaxation process only for weak deviation
from equilibrium, whenn, > n, > nz,..., and in the absence of multiquantum transitions in the
system, when in expression (22) one can neglect terms with n and £ larger than unity.

Relaxation through a Sequence of Boltzmann States. It is well known [1] that the har-
monic oscillator can relax through a sequence of Boltzmann states if the initial distribution
has a Boltzmann shape. This property is called canonical ' invariance. The question arises
whether relaxation is possible through a Boltzmann state for other systems of energy levels.

Consider relaxation of a molecular system in a thermal bath for B = const. Let the in-
ternal degrees of freedom have a Boltzmann distribution, with T, =-p," !, whose expansion co-
efficients are, according to (8),

N = 2 piipt (e (27)

Here the energy moments <€£>r correspond to T,, and all remaining quantities are determined
by T¢. The generalized relaxation equation acquires in this case the form

d N
T [2 PonBrCE™s ]—- — g 2 mmhz PaiBi (e (28)
=0 h=1
We use the expansion of the moment <sn>r, .determined %§ t?e p01nt B = By, by a Taylor series
? & ,
in powers of: Af = B, — P: (&7, = (en); + <ﬁ P AR+ s— (AB)* + . With account of (6)
and the relation 3<el>/3R = <gP><e> — <eghtl>) which follows from (4), and equating in expres-
sion (28) terms with identical powers of AR, we obtain in the lowest nonvanishing order

Opp = m0)116mk. (29)
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This relation is the necessary condition for relaxation through a sequence of Boltzmann
states and coincides with expression (16), obtained for a harmonic oscillator.

Condition (29) is particularly easily proved in the high-temperature approximation

(B < 1), when (18) and <e>, = n!B,. ™™ are valid. In this case the expansion coefficients
(27) equal

3 1 i k
(=l B B T,
= ATy - (1=3) - (- o (30)

. . T, m-t d [T, : 7, k (29
gnd expression (28) acquires thg form m 1—-77 T\ T =:ng:S Omp, 1_“?T ,* whence )

t k=1

follows directly.

Consider the condition of canonical invariance for the diffusion approximation. It has

been shown in [8] that for P(x, z) = xP(1)(z), the rotor system relaxes through a sequence
of Boltzmann states. The diffusion matrix is in this case

oo oo

_ L, (zy oL, () - 1

o, =B 1j.diﬁe"x 5 1 | dze PV (2) 2 = mbuD5”
P [i]

20

= mo&8m, DIV =p" ( dze™2 PV (2) 22,
o

i.e., it coincides with condition (29).

Condition (29) is usually also a sufficient condition for relaxation of system levels

through a sequence of Boltzmann states if the initial state is a Boltzman state. For a har-
monic oscillator, the proof of this fact is given in [6], while for the diffusion approxima-
tion with P(x, z) = xP(l)(Z), it is provided in [8]. The proof is easily obtained for a sys-
tem of rotor with 8 < 1 in the case of a thermal bath. If condition (29) is satisfied, Egs.
(11) for B = B+ = const have the solutions

M (8) = 1 OXP (— méft,), T, = (ngo,,)"" (31)

Since the initial state has a Boltzmann shape for a temperature of internal degrees of

m
T m
freedom T,.(t = 0) = T,, then, as in (30), 1ﬁ1==221%”5f<8>0;:(1—~7ﬁ) . Consequently, the
1=0 t/

solution (31) retains the Boltzmann shape at any moment of time t > 0: np(t) = [(1 = To/T¢).
exp(—t/t)IM = (1 = T,/T¢)™. Here we introduced the temperature of internal degrees of free-
dom Ty = T¢ + (T, — Tp)exp(—t/t).

We note that if wyk is diagonal, but the condition of canonical invariance (29) is not

satisfied, then relaxation does not occur through a sequence of Boltzmann states, even though .
the relaxation equations are valid for the mean energy and for other moments.

O oo
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